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We present a measurement of the Schrodinger Functional running coupling in SU(2) lat- 
tice gauge theory with adjoint fermions. We use HEX smearing and clover improvement 
to reduce the discretization effects. We obtain a robust continuum limit for the step 
scaling, which confirms the existence of a non-trivial fixed point. 
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1. The Model 

We study the running of the Schrodinger Functional coupling in the SU(2) lattice field 
theory with 2 fermions in the adjoint representation. The model, dubbed Minimal Walk- 
ing Technicolor, has been studied recently as a possible candidate for a walking tech- 
nicolor theory and as a part of the ongoing mapping of the conformal window on the 
latticePIH We define the lattice model by the action 

S = S G + S F , (1) 
where Sp is the clover improved Wilson fermion action with smeared gauge links and Sq 
is a partially smeared version of the Wilson plaqucttc action. We use hypercubic stout 
smearing, or HEX smearing, -I to reduce the discretization errors and allow simulations 
at larger coupling. The gauge action is defined as 

Sg = Pl ^(I-^W + ^mW ( 2 ) 



(x + ai))Ul(x)] I 
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where V is the smeared gauge field and we choose c g = 0.5. 
The fermion action is given by 



° 4 £ 



ip(x)(iD w + m )ip(x) + ac SVJ i/j(x)-a,_ ll ,F f _ ll/ (x)tp(x) 



(3) 



We expect the smearing to bring the discretization errors close to the tree-level values and 
choose c aw = 1. We have performed a few short measurements of the clover coefficient 
and find them consistent with the tree-level value, even at small values of 0. 

The smeared links are calculated in three sequential stout smearing steps, summing 
over the directions that are orthogonal to those in the previous stepsP3 We have chosen 
the smearing coefficients for each step to be ai = 0.78, ct2 = 0.61 and a± = 0.35 . 

We measure the running coupling using the Shcodinger functional methodJ3HWe use 
boundary conditions to the temporal direction to induce a chromoelectric background 
field and measure the coupling by the response to a change in the background field. The 
boundary conditions are 

U^(x,t = 0) =e~ i ^ a l L , U^{x,t = L) = e -^- V )<T 3 a/L ^ 

with <T3 the third Pauli matrix and we choose r) = 7r/4. The spatial boundary conditions 
are periodic for the gauge field. The fermion field is set to zero at the temporal boundaries 
and have twisted periodic boundary conditions to the spatial directions: tp(x + Li) = 
exp(iir/5)il>(x). 

At the classical level the derivative of the action with respect to r] is 

dS cL _ k 

where k is a function of N and r\. We define the full renormalized coupling at quantum 
level by 



The running of the coupling is quantified by the step scaling function a. It describes 
the change of the measured coupling when the linear size of the system is changed from 
L to sL keeping the bare coupling g 2 , constant. 

S(u,s,L/a) = g 2 (glsL/a)\g 2 (gi,L/a) = u (5) 
S(m, s, L/a) = a(u, s) + c(u, s)a 2 (6) 

We choose s = 2 and obtain the continuum limit from measurements at L/a = 6 and 
L/a = 8. The measured values of the coupling squared are shown in figure [2] We also 
show the lattice step scaling function S(g 2 , 2, L/a)/g 2 = g 2 (g^,2L/a) / g 2 (g 2 , L/a) on 
the left side in figure [T] 

The Schrodinger functional boundary conditions reduce the amount of zero modes 
in the system and allow simulations at zero quark mass. Since the Wilson fermion action 
breaks chiral symmetry and allows additive renormalization of the quark mass, we use 
the PCAC relation to find the value of k where the renormalized mass vanishes. The 
quark mass M is defined by 

aM { x ) = \ ^^)ff«) . (7) 
4 fp(xo) 

We define n c as the value of the parameter k where the mass aM(L/2) vanishes. To find 
K c we measure the mass at 3 to 7 values of k on lattices of size L/a = 16 and interpolate 
to find where the mass is zero. In practice we achieve aM < 0.003. 

We use rewcighting to correct for the residual effect of the nonzero mass. The differ- 
ence can be seen in figure [T] where we show the lattice step scaling function calculated 
from both the original and the reweighted measurements. 
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Table 1. The values of \ 2 and degrees of freedom in the interpolation in eg, 151 





L/a = 4 


L/a = 6 


L/a = 8 


L/a = 12 


L/a = 16 


combined 


d.o.f 


32.77 
4 


38.02 

5 


23.71 

5 


19.27 

5 


11.48 
5 


125.2 
24 



The continuum limit a{g 2 ,2) is taken keeping the coupling g 2 equal, but the mea- 
surements have been calculated at constant g^ , and do not correspond to the same value 
of g 2 at different lattice sizes. The measurements, therefore, need to be shifted to match- 
ing values of g 2 . The most economical and convenient way to achieve this is to interpolate 
the measurements at each lattice size L/a by fitting to a function of gZ. This results in 
a value of g 2 (g^, L/a) over a continuous range of g^ . 

We use the interpolating function 



1 



9 2 (9o,L/a) 



4 



i + E?=i°igg 



(8) 



with n = 4 and m = 2. These values were chosen to maximize the combined P value for 
the fit, calculated from the sum of x 2 and degrees of freedom for each fit. The interpolating 
functions are then used to calculate S(u,2, L/a) at a continuous range of u, and the 
continuum limit is calculated by fitting to the quadratic function in equation [6] The 
result is shown in figure 3. 




Fig. 1. The scaled lattice step scaling function E(g 2 , 2, L/a)/g 2 = g 2 {g^,2L / 'a) / g 2 (g 2 , L/a). 
The plot on the left shows the result using the original measurements and the plot on the right 
using reweighted values. The black dashed line gives the continuum 2-loop perturbative result for 
v(g 2 ,2)/g 2 . 



2. Conclusions 

Both the lattice results and the estimated continuum limit show a non-trivial infrared 
fixed point between g 2 = 2 and 4. This is in agreement with previous studies. Fur- 
thermore, a large part of the discretization errors in the interesting region seems to be 
removed by the clover improvement and the HEX smearing. Smearing also reduces the 
computation time required to generate lattices and enables simulations at larger cou- 
pling. We plan to verify this further by repeating the measurement with an increased 
lattice size. 
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Fig. 2. On the left, the measured values of g 2 (g 2 , L/a) against a/L. The black dashed line gives 
an example of the running in 2-loop perturbation theory at modest coupling, normalized so that 
it matches the measurement at L/a = 6. The measurements have been reweighted to zero mass. 
On the right, the scaled step scaling function u(g 2 , 2)/g 2 using reweighted measurements. The red 
line with the hashed band correspond to the continuum extrapolation using lattice sizes L = 6 
and 8 and the black line with the green band correspond to the lattice result at the largest lattice 
size L = 8. The black dashed line gives the 2-loop perturbative result. 
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